Let G = (V, E) be a graph, and let ri, s1, ... , rk, Sk be vertices of G. The disjoint paths problem is the problem of finding disjoint paths P1 , ... , Pk, where P; runs from r; to s; (i = 1, . .. ,k).
Also when restricting ourselves to planar graphs, the problem for general k is NP-complete, as was shown by Lynch [4] and Kramer and Van Leeuwen [3] . On the other hand, there are some cases where the problem is polynomially solvable for planar graphs. Recently, Wagner and Weihe [11] showed that if all terminals are on the boundary of the infinite face and a certain parity condition is satisfied (the "Okamura-Seymour case"), the edge-disjoint undirected problem can be solved in linear time.
We consider some complexity results for problems in planar graphs for fixed k. With B. Reed, N. Robertson, and P.D. Seymour [5] we proved:
For each fixed k, the vertex-disjoint undirected problem is solvable in linear time.
More generally, for each fixed k there is a linear-time algorithm for the problem of finding vertex-disjoint trees T1 , ... , Tp in an undirected planar graph, where T; covers a given set X; of vertices (i = 1, ... ,p), such that IX1 U · · · U Xpl:::; k.
Our result extends a result of Suzuki, Akama, and Nishizeki [10] stating that the disjoint trees problem is solvable in linear time for planar graphs for each fixed upper bound k on IX1 U · · · U Xpl, when there exist two faces Ji and h such that each vertex in X 1 U · · · U Xp is incident with at least one of Ji and 12.
In fact, they showed more strongly that the problem (for nonfixed k) is solvable in time O(kJVI). Indeed, recently Ripphausen, Wagner, and Weihe [6] showed that it is solvable in time O(JVI).
Our proof is based on a lemma of Robertson and Seymour [8] This result makes it possible to remove vertices iteratively until the graph can be decomposed into easier graphs.
For the directed case we showed in [9] the following:
For each fixed k there exists a polynomial-time algorithm for the vertexdisjoint directed paths problem in planar graphs.
The proof is based on cohomology over free groups with k generators. Let G be a This result is applied to an extension of the dual of the graph for which we want to solve the disjoint paths problem.
It also implies the following:
For each fixed p there exists a polynomial-time algorithm for the vertexdisjoint directed paths problem in directed planar graphs, when all terminals can be covered by the boundaries of p of the faces.
;hermore, the result can be extended to finding vertex-disjoint rooted directed ,s with given roots and covering given sets of vertices, when all roots and given .ertices can be covered by the boundaries of a fixed number of faces. We do not know if these problems are solvable in linear time.
Most of the results above can be' extended to graphs embedded on any fixed surface.
